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Abstract 

In this work, we introduce a new method to prove the existence 
and uniqueness of a variational solution to the stochastic nonlinear dif- 
fusion equation dX(t) = div \vx(t)\ dt + X{t)dW{t) in (0, oo) x O, 
where O is a bounded and open domain in M. N , N > 1, and W(t) is 
a Wiener process of the form W(t) = Yl'kLi VkZkPkit), £k £ C 2 (C) n 
Hq(0), and k £ N, are independent Brownian motions. This is 
a stochastic diffusion equation with a highly singular diffusivity term 
and one main result established here is that, for all initial conditions 
in L 2 (0), it is well posed in a class of continuous solutions to the 
corresponding stochastic variational inequality. Thus one obtains a 
stochastic version of the (minimal) total variation flow. The new ap- 
proach developed here also allows to prove the finite time extinction 
of solutions in dimensions 1 < N < 3, which is another main result of 
this work. 
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1 Introduction 



We are concerned here with the stochastic nonlinear diffusion equation 

dX(t) = div[sgn(VX(t))]dt + X(t)dW(t) in (0, oo) x O, 

X = on (0,oo) x dO, (1.1) 

X(0) = x in O, 

where O is a bounded and convex open domain in M. , N > 1, with smooth 
boundary <90 and W(£) is a Wiener process of the form 

oo 

W(t) = ^iM k e k p k (t), t>0, in O, (1.2) 
fc=i 

where /Xfc are real numbers, G C 2 ((9)nifQ (0) forming an orthonormal basis 
in L 2 (0) and {Afe}j£Li are independent Brownian motions on a stochastic 
basis {fi, J 7 , J-^, P}. For simplicity, let us assume that e k , k G N, are the 
eigenfunctions of the Dirichlet Laplacian: 

-Ae fc = A fe e fe in C; e k = on <90, 

(but cf. Remark 2.1 (hi) below). 
Throughout the paper, we assume 

oo 

(HI) Cl:=J2d\e k L<oo, 

k=l 

and 

oo 

(H2) A*, := J^/ifclVefcloo < oo, 

k=l 

where | • |oo denotes supremum norm in C((D). 
Define 

oo 

M0:=X>k*(O, (1-3) 
fe=i 

The multi-valued graph sgn : M. N — >■ 2 RJV is defined by 

sgn r = r|r| _1 if r ^ 0; sgn = {r G M^; |r| < 1}, (1-4) 
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and | • | is the Euclidean norm of Mr. By the same symbol |x|, we shall denote 
the absolute value of x G R. It should be emphasized that the homogeneous 
boundary condition arising in (1.1) is in a certain sense formal because (1.1) 
is not well posed in the classical Sobolev spaces with zero trace on the boun- 
dary. 

In nonlinear diffusion theory, equation (1.1) is derived from the continuity 
equation perturbed by a Gaussian process proportional to the density X(t) 
of the material, that is, 



where J = sgn is the flux of the diffusing material. (See [23], [24], [25].) 

Equation (1.1) is also relevant as a mathematical model for faceted crystal 
growth under a stochastic perturbation as well as in material sciences (see 
[26] for the deterministic model and complete references on the subject). 
As a matter of fact, these models are based on differential gradient systems 
corresponding to a convex and nondifferentiable potential (energy). 

Other recent applications refer to the PDE approach to image recovery 
(see, e.g., [18] and also [6], [19]). In fact, if x G L 2 {0) is the blurred image, 
one might find the restored image via the total variation flow X = X(t) 
generated by the stochastic equation 



In its deterministic form, this is the so-called total variation based image 
restoration model and its stochastic version (1.5) arises naturally in this con- 
text as perturbation of the total variation flow by a Gaussian (Wiener) noise 
(which explains the title of the paper). 

It should be said that, due to its high singularity, equation (1.1) does not 
have a solution in the standard sense for every initial condition in L 2 (0), that 
is, as an Ito integral equation, and this happens in the deterministic case, 
too. However, this equation has a natural formulation in the framework of 
stochastic variational inequalities (SVI) (see Definition 3.1 below) and, as 
we show later on, it is well posed in this generalized sense. Below, we shall 
call solutions to such (SVI) variational solutions and solutions to standard 
Ito-integral equations, as e.g. the solutions to the approximating equation 
(1.7) below (see Proposition 5.1 (i), ordinary variational solutions. 



dX(t) = J{VX(t))dt + X(t)dW(t) 




(1.5) 



X(0) = x in O. 



3 



In [8], a complete existence and uniqueness result was proved for varia- 
tional solutions to (1.1) in the case of additive noise, that is, 



dX(t) - div[sgn(VA'(t))]dt = dW(t) in (0, oo) x O, 
X(0) = x in O, X(t) = on (0, oo) x dO, 



(1.6) 



if 1 < N < 2. For the multiplicative noise X(t)dW(t), only the existence 
of a variational solution was proved and uniqueness remained open. (See, 
however, the work [22] for recent results on this line, if x £ Hq((D).) 

In this paper, we prove the existence and uniqueness of variational so- 
lutions to (1.1) in all dimensions N > 1 (see Theorem 3.2) and all initial 
conditions x £ L 2 (0). We would like to stress that one main difficulty is 
when x £ L 2 {0) \ Hq(0), while the case x £ Hq(0) is more standard (see 
Remark 3.6 below). Furthermore, we prove the finite-time extinction of so- 
lutions with positive probability, if N < 3. 

The approach we use here to prove the existence and uniqueness of (1.1) 
is obtained approximating equation (1.1) by 



where ip\(r) = ip\{r) + Ar and ip\ is the Yosida approximation of the graph 
(1.4). By the substitution Y = e~ w X ("scaling"), we reduce (1.1) and (1.7) 
to a random nonlinear diffusion equation (see (4.1) and cf. [9], [12], [13]) and, 
again, we reformulate this random equation as a (this time, deterministic) 
variational inequality (VI), but with random coefficients (see Definition 4.1). 
This equivalent formulation of (1.1) (respectively (1.7)) as a random partial 
differential equation (PDE) is crucial for the uniqueness proof of variational 
solutions to (1.1) (see Section 5) and allows to obtain sharper regularity 
results for (1.7) (see, e.g., Proposition 5.1(iii) and Lemma 5.4) than those 
obtained by a direct analysis of the stochastic equation as in [8], [11]. This 
approach which combines the analysis of approximating stochastic equations 
in connection with their equivalent random deterministic PDE versions is by 
our knowledge new in the general theory of stochastic PDE and represents 
one principal contribution of this work. 



dX - A4> x (X)dt = XdW in (0, T) x O, 
1 = on (0,T)xdO, X(0)=x in O, 



(1.7) 
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2 Preliminaries 

For every 1 < p < oo, by L p (0) we denote the space of all Lebesgue p- 
integrable functions on O with norm | • \ p . The scalar product in L 2 (0) is 
denoted by (-, •). W 1,p (0) denotes the standard Sobolev space {u e L p (0); 
Vu G L p (0)} with the corresponding norm 

i/p 

\u\\i, P -= [ I \Vu\ p d^ 



where d£ denotes the Lebesgue measure on O. Wo' p (0) denotes the space 
{u G W^ p {0)- u = on dO}. We set H%(0) = W 1,2 (O), || • ||i = || ■ ||i, 2 and 
H 2 (0) = {u G L 2 (0) : D\u G L 2 (0), 1 < i, j < N}, with its usual norm 
|| ■ llflfl(o). H~ l (0) with norm || • ||_! denotes the dual of H%(0) = Wq' 2 (0). 
By BV(0) we denote the space of functions u of bounded variation on O 
and by ||-Dw|| the variation of u, that is, 

\\Du\\ = sup |y udivpdf; V? G C^O; R^), Moo<lJ- (2-1) 

By BV (O) we denote the space of the functions u G 5V(C?) with vanishing 
trace on dO. 

Consider the function O : L x {0) — >• R = (— oo, +oo] 



00 («) 



||Du|| if m e W°(£>), 
+oo otherwise, 



and denote by cl0o the lower semicontinuous closure of 0o in L l (0), that is, 
cl0 o (u) = inf {liminf <f) {u n ); u n ->• « G ^(C)} • (2.2) 
As in [4, p. 437] define, for u G L x (0), 

_ J / |V«|df ifueW^fJ), 
G(w) = < Jo 

^ +oo otherwise. 
Then (e.g., by [1, Theorem 3.9]) it is easy to see that 

cl0 o = cl G. 
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Hence, by [4, Proposition 11.3.2], for u G 

[ +oo otherwise, 

where 7o(w) is the trace of u on the boundary and dK N ~ x is the Hausdorff 
measure. 

Let (f) denote the restriction of c\<fia{u) to L 2 (0), i.e., 

<j>{u) = \\Du\\ + I Ijoiu^dH"- 1 if u G BV{0) nL 2 (C), 

iao (2.3) 

0(u) = +oo if u G L 2 (0) \BV{0). 

By 90 : D(d4>) C L 2 (C) ->■ L 2 (C), we denote the sub differential of 0, that is, 
d(f>{u) = {v e L 2 (0); <j){u) - <j){v) <(rj,u-v), W G £>(</>)}, (2.4) 
where 

D{<f>) = {«£ L 2 (C); 0(w) < oo} = W(£>) PI L 2 (C). 

It turns out (see [1]) that rj G d<p{u) iff there is z G L 00 ^;^) such that 
rj = — div z, \z\oo < 1, and j r]ud^ = 0(w).(Here and everywhere in the 
following the derivatives are taken in the sense of distributions on O.) The 
mapping dip is not everywhere defined on D(<f>), but it is maximal monotone 
in L 2 {0) and so generates a semigroup flow u(t, x) = e~ ta ^x which is the 
solution to the evolution equation (see [15], p. 72, [5], p. 47) 

— (t) + d</>(u(t)) 3 0, Vt > 0, u(0) = x, (2.5) 



for each a; G -D(0) = L 2 {0). More precisely, for x G L 2 (0), there is a unique 
strong solution u : [0, oo] — > L 2 {0) to (2.5) and, for each T > 0, 

Vi-e L 2 (0,T;L 2 (O)), mu{t)) G L°°(0, T), 0(w) G ^(0, T),(2.6) 

t^GL°°(0,T;L 2 (O)), w G C([0,T]; L 2 (0)). (2.7) 

(See [5], p. 158.) In fact, if u G Wq'\0) and 77 G div [sgn(Vu)] n L 2 (0) ^ 0, 
then it is easily seen that u G D(d<p) and 77 G d<f)(u). 
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We can rewrite equation (1.1) as 



dX(t) + d(j){X{t))dt 3 X(t)dW(t), t > 0, 
X(0) = x. 



(2.8) 



However, since the multi- valued mapping d<p : L 2 (0) —> L 2 (0) is highly 
singular, at present no general existence result for stochastic infinite dimen- 
sional equations of subgradient type is applicable to the present situation and 
so a direct approach should be used in order to get existence and uniqueness 
of solutions for (2.8). 

In the following, L p (0, T;E), 1 < p < oo, and E a Banach space, denotes 
the space of all Bochner measurable functions u : (0,T) — > E with \\u\\e G 
L p (0, T). By C([0, T]; E) we denote the space of all the continuous E- valued 
functions on [0, T]. We also use the notation 



where — is taken in sense of E- valued distributions on (0,T). (We recall 

that any u G H^ 1,p ([0, T]; E) is absolutely continuous and a.e. differentiable.) 
The plan of the rest of the paper is the following. 

In Section 3, one defines the variational solution to (1.1) through an SVI 
and one formulates the main existence result which is proved in Section 5, 
via the mentioned scaling method. In Section 6, we prove the positivity of 
solutions with nonnegative initial data and, in Section 7, we prove the finite 
time extinction of solutions. 

We close this section with some remarks on our conditions (HI), (H2) 
and the stochastic integral in (1.1). 

Remark 2.1 



(i) It is easy to check that under (HI) the sum in (1.2) converges in 
L 2 ({l;C([0,T];C(O))) and that under (HI) and (H2) the sum in (1.2) 
converges in L 2 (Q; C([0, T\\C X (&))). In particular, for P-a.e. u G Q 
the map 



is continuous and, for each £ G O, the process (W(t,£)) t >o is a real- 
valued (not standard) (J-" t )-Brownian motion with quadratic variation 



W 1 * 




du 



[0,T}xO3(t,0 



W(t,£)(u) G R 
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with fi as defined in (1.3). Furthermore, by Fernique's theorem, 



exp sup |W(t)|oo £ L p (n) for all p £ (0,oo). (2.9) 

\0<t<T / 

(ii) Let F : [0, T] x O x -> E be such that F (restricted to [0,t]) is 
B([0,t]) <g> <8> JVmeasurable and F £ £ 2 ([0,T] x C x fi), where 
£ 2 (instead of L 2 ) denotes square integrable functions (rather than 
equivalence classes thereof). Then, for £ £ (9, we have P-a.s. 

/ F(s,0^s,0 = y>*e fc (0 / F(s,t)dp k (s), te[0,T\, (2.10) 
Jo fc=1 Jo 



where the sum on the right hand side converges in L 2 (Q; C([0,T]; 
for each £ £ O and also in L 2 (fi; C([0, T]; L 2 (C))). Indeed, defining for 

iV £ N 



JV 



k=l 



we have for fixed £ £ (9, iV £ N, by Doob's inequality and Ito's isometry 



E sup 

te[o,T] 

< 2E 



and, similarly, for N < M, 



E 



F(s,0d(W-W N )(s,0 



\F(s,0\ 2 ds 



sup 

ie[0,T] JO 



< 



5_>*e fc (0 / F(s,i)/3 k (ds 

k=N J ° 
k,k'=N 



where 



A k , k >(0 := E 
= 4,fc'E 



U0 



T 



F(s,t)d/3 k (s) I F( S ,£)d/3 k ,(s) 
\F(s,0\ 2 ds 
8 



since f3 k , f3 k i are independent. So, both claimed convergences follow 
from (HI). 

(iii) The assumption that e k , k G N, is an eigenbasis of the Dirichlet Lapla- 
cian is only used in the proof of Proposition 5.1 (ii) below. As it is 
pointed out there, this assumption is not necessary, provided the ini- 
tial condition x is in Hq((D). Since Proposition 5.1 (ii) is only used in 
this paper for x G Hq(0), we may drop the above assumption on e k , 
k G N, and just assume that it is any orthonormal basis of L 2 ((D) in 

c 2 (p)nHl(0). 

Remark 2.2 Let H = L 2 (0) with usual inner product (•, •) and norm | ■ I2. 
Under (HI), for all h G H we have 

00 

k=l 

Hence 

00 

J^/i fc (h,e k ) e k G C(0) 

k=l 

and, for every x G H, the following operator is well-defined 

B(x)h := x ^ (h, e k ) e fc I = ^ fi k (h, e k ) (e k ■ x) J , h G H. 

k=l \ k=l / 

It is easy to check that B(x) G L 2 (H,H) (= all Hilbert-Schmidt operators 
from H to H) and that 

/ 00 \ 1/2 

\\B{x)\\ l ^h,h) = I ^2^l\ e kx\l ) < Coolxla- (2.11) 

Therefore, if we consider the cylindrical Wiener process 

W(t) := (P k (t)e k ) keN , 

then, it is easy to check that, if F is as in Remark 2.1 (ii), hence (s,u) 1— > 
F(s, ■, u) G L 2 (0) progressively measurable, then we have the following iden- 
tities of L 2 (C)-valued stochastic integrals in L 2 (fi; C([0,T]; L 2 (0))) 

/»• /»• 00 /»• 

I F(s)dW(s)= B(X(s))dW(s) = Y,Vk F(s)e k d(3 k (s) J (2.12) 
Jo k=1 Jo 



where also the sum on the right hand side converges in L 2 (Q; C([0, T]; L 2 {0))). 
In particular, the stochastic integral in (1.1) is a standard one. An easy ap- 
plication of the stochastic Fubini Theorem (cf. the proof of Claim 2 in the 
proof of Proposition 4.3) then shows that, by (2.12) and Remark 2.1 (ii), for 
every t G [0, T] and P-a.e. to G Q, 

^ f F(8,£)dW(a,£)(u,) 
Jo 

(which is a real-valued stochastic integral) is a <i£-version of / F(s)dW(s) 

Jo 

(which is an L 2 (C)-valued stochastic integral). 

3 Definition of stochastic variational solutions 
and the main existence result 

Definition 3.1 Let < T < oo and let x G L 2 (0). A stochastic process 
X : [0, T] x n — > L 2 (0) is said to be a variational solution to (1.1) if the 
following conditions hold. 

(i) X is (J-f)-adapted, has P-a.s. continuous sample paths in L 2 {0) and 
X(0) =x. 

(ii) X G L 2 {[0,T] x Q;L 2 {0)), <f){X) G L\[0,T] x fi). 

(hi) For each (J 7 *)- progressively measurable process G G £ 2 ([0, T] xfi; L 2 ((9)) 

and each (J 7 t )-adapted L 2 (C)-valued process Z with P-a.s. continuous 

sample paths such that Z G L 2 ([0,T] x Q; Hq(0)) and, solving the 

equation r* /•* 

Z(t)-Z(0) + / G(s)ds = / Z(s)dW(s), te[0,T], (3.1) 
Jo Jo 

we have 

^E|X(t)-Z(t)| 2 + E^ 0(A(r))dr < ^E\x - Z(0)\l 

+E [ <f>(Z(T))dr+-E [ [ /2(X(t) - Z(r)) 2 d^dr (3.2) 
Jo 2 Jo Jo 

+E / (A(r) - Z(r), G(r)> dr, t G [0, T]. 
Jo 
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Here, is defined by (2.3), ji = [i\e\ and (•, •) is the duality pairing with 

k=l 

pivot space L 2 {0). We also recall that (3.1) has a unique solution for a given 
initial condition in L 2 (0). 

The relationship between (1.1) and (3.2) becomes more transparent if we 
recall that (1.1) can be rewritten as (2.8) and so we have 



d(X -Z) + (d(/)(X) - G)dt 3(X- Z)dW. 



(3.3) 



If we (formally) apply the Ito formula to — \X — Z\\ in (3.3) and take into 

account (2.4), we obtain just (3.2) after taking expectation. It should be 
emphasized, however, that X arising in Definition 3.1 is not a strong solution 
to (1.1) (or (2.8)) in the standard sense, that is, 

X(t)-xe- f d(/)(X(s))ds+ [ X(s)dW(s), Vt £ (0,T). 
Jo Jo 

We also note that this concept of solution for equation (1.1) was already 
introduced in [8]. Theorem 3.2 below is our first main result. 

Theorem 3.2 Let O be a bounded and convex open subset ofR N with smooth 
boundary. For each x £ L 2 (0) there is a variational solution X to equation 
(1.1), such that, for all p £ [2,oo) ; 



sup E[|X(t)|2] < exp 
te[o,T] 



c 2 J-{p-i) M« 



(3.4) 



X is the unique solution in the class of all solutions X such that, for some 
5>0, 

X £ L 2+s (n;L 2 ([0,T};L 2 (O))). (3.5) 

Furthermore, ifx,x* £ L 2 (0) and X,X* are the corresponding variational 
solutions with initial conditions x,x*, respectively, then, for some positive 
constant C = C(N, C 2 ^), 



E 



sup \X(t)-X*(t)\1 

re[0,T] 



< 2\x - x*\\e CT . 



(3.6) 
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In particular, 



E 



sup \X(t)\ 
te[o,T] 



< 2\x\ 2 2 e CT , 



(3.7) 



and, moreover, X £ L 2 (ft; C([0, T}; L 2 (0))). 



Remark 3.3 A similar result was established in [8] for the equation with 
additive noise where TV = 1,2. However, in the definition of the solution in 
[8], erroneously was taken the functional 0o instead of <fi defined above, as 
it is correct. In this context we cite also the work [11], where this point 
was already clarified. Furthermore, by Remark 8.4 below, the convexity 
assumption on O can be relaxed. It is enough that dO can be parametrized 
locally by a convex C 2 -map. 



Remark 3.4 Apparently, the variational solution X defined above does not 
satisfy in any common sense the Dirichlet homogeneous condition on dO, as 
written in (1.1). However, since 4>(X) £ L 1 ((0,T) x Q) and, as seen earlier, 
4> is just the closure in L 2 (0) of <f>o and, in particular, of the norm |Vu|! of 
the space Wq' 1 (0), we may regard X as a generalized solution to (1.1). For 
instance, if in (1.1) we replace the Dirichlet condition by the Neumann ho- 
mogeneous condition, then in the above definition of the variational solution 
one should replace the function <fi by 



\Du\\, Vw £ BV(0) n L 2 {0)- 0i (u) = +oo otherwise. 



Remark 3.5 It follows from Lemma 7.3 below by Fatou's Lemma that, for 
N < 3, in addition to (3.6) we also have, for some constant C > 0, 



E 



sup \X(r)-X*(r] 

r€[0,T] 



<2\x-x*\%e CT . 



(3.8) 



Remark 3.6 If £ H^(0), it follows by Lemma 5.3 and Fatou's Lemma that, 
for some C > 0, 



E 



sup ||JV 

te[o,T] 



<C||*|| 2 , 



hence X £ L 2 (Q; L°°([0, T]; Hq(0))). From this, one can deduce that, if 
the initial condition x is in Hq(0), then the corresponding solution X in 
Theorem 3.2 is, in fact, an ordinary variational solution of the (multivalued) 
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equation (1.1) (not just in the sense of SVI as in Definition 3.1). Our main 
point is, however, here to have existence and uniqueness for all starting points 
x G L 2 (0). Therefore, we skip the details on the simpler case of special initial 
conditions in Hq(0). 

4 The random differential equation 
equivalent to (1.1) 

Inspired by [9, Section 4] and [12], we would like to reduce equation (1.1) to 
the random differential equation 

BY 1 

_ = e - w div(sgn(V(e w/ y))) - -fjY, P-a.s. in (0,T) x O, 

r(o, £) = *(£), eeo, C 4 - 1 ) 

Y = on (0,T) x dO, 

by the substitution Y(t) = e~ w ^X(t). The meaning of boundary condition 
in (4.1) is taken in the generalized sense as discussed in Remark 3.4. (We note 
that, in equation (1.1), XdW is meant to be an Ito differential, otherwise, i.e., 
if it is taken in the Stratonovich sense, then, in the corresponding equation 

(4.1), the linear term — fiY would be missing.) 

To do the reduction from (1.1) to (4.1) rigorously, our definitions of solu- 
tions for (4.1) must be again in the sense of a variational inequality, but this 
time a deterministic one, since the test processes Z (replacing Z in Definition 
3.1) solve a deterministic PDE, however, with random coefficients. 

Definition 4.1 Let < T < oo and let x G L 2 (0). A stochastic process 
Y : [0,T] x Q — y L 2 (0) is said to be a variational solution to (4.1) if the 
following conditions hold: 

(i) Y is (J-t)-adapted, has P-a.s. continuous sample paths, and Y(0) = x. 

(ii) e w Y G L 2 ([0,T] x fi;L 2 (0)), <f)(e w Y) G ^([O.T] x fi). 

(iii) For each (^^-progressively measurable process G G L 2 ([0, T] xQ; L 2 (0)) 
and each (J c t )-adapted, L 2 (C)-valued process Z with P-a.s. continuous 
sample paths such that e w Z G L 2 ([0,T] x Q;Hq(0)) and solving the 
equation 
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Z(t)-Z(0) + [ e 




(4.2) 



Jo 



Jo 



t G [0,T], P-a.s., 



we have 




(4.3) 



f [ iie 2W{T \Y{T)-Z{T)) 2 didT 



Jo Jo 



+E f (e w ^(Y(r)-Z(r)),G(r))dr, t G [0, T] 



We recall that the deterministic equation (4.2) has a unique solution for a 
given initial condition in L 2 (0) for P-a.e. given uj G fl 

Proposition 4.2 X : [0,T] x Q — >■ L 2 (0) is a variational solution to equa- 
tion (1.1) i/ and on/y z/Y := e _H/ X is a variational solution to (4.1). 

The above proposition is an immediate consequence of Proposition 4.3 (iii) 
below, which addresses a technical, but very important issue. To be precise 
(and make our point) in its proof, we have to distinguish between the space 
C 2 (0) of square integrable functions and L 2 (0), i.e., the corresponding d£- 
classes. 

Proposition 4.3 Let G G L 2 ([0,T] x Vt;L 2 (0)) be (Ft) -progressively mea- 
surable and Z(0) G L 2 (fi, 3F Q - L 2 (0)). Let G° be a (dt <g> d£ ® P)-werszon o/ 
G suc/i i/iai (t, u) i — >■ G°(t, is (Ft) -progressively measurable and in 
L 2 ([0,T] x Q) for every £ G O. Furthermore, let Z°(0) be a (d£®F) -version 
of Z(0) such that u i — >■ Z°(0)(£, u;) is F^-measurable for all £ G O. 



(i) Fix (£0. T/ien 



Z°Jt) :=e w ^)-|^) t Z°(0)(e) 




G°(s,£)ds, t G [0,T], 



(4.4) 



o 
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is a real-valued continuous solution to the stochastic differential equa- 
tion 

dZl(t) = -G%£)dt + Z°(t)dW(t,£), te[0,T], 

Z°(0) = Z°(0,£), 

which is £>([0, t\) <E> B(0) (g) Ft-measurable for each t G [0, T\. 

Furthermore, the map [0, T] 9 £ i — )• Z°(t) G £ 2 (0) P-a.s. continous. 
Hence the corresponding d^-classes Z[t) G L 2 (0), t G [0,T], form the 
unique solution to (3.1). 

(ii) Fix^eO. Then 

Z$(t) := e -*"«)*Z°(0)(O - e-s^O* [ e- w ^ + ?^ )s G°(s,Z)ds, 

Jo 

te[o,T], 

is a real-valued continuous solution to the differential equation 

dZl(t) = -e- w ^G°(t,Odt-^(OZl(t)dt, Zl(0) = Z°(0,O, 

which is B([0, t]) <g> ® Tt-measurable for each t G [0, T]. 

Furthermore, the map [0, T] 9 £ i — )• Z°(£) G £ 2 (0) «s P-a.s. conti- 
nuous. Hence the corresponding d^-classes Z.{t) G L 2 (0), t G [0, T], 
/orm £/ie unique solution of the deterministic equation (4.4) forF-a.e. 
given uj G f2. 

(iii) An (Ft) -adapted F-a.s. continuous L 2 (0) -valued process (Z(£)) ie [ 0> T] «s 
a solution to the stochastic equation (3.1) if and only if (e~ w ^ Z (£)) t6 [ ,T] 
is a solution to the deterministic equation (4.1) forF-a.e. givenu G f2. 

Proof, (iii) is an immediate consequence of (i) and (ii). (ii) is more or less 
well-known since it is about a deterministic equation and the proof is anyway 
similar to that of (i). Therefore, we only prove (i). 

First, we note that applying a mollifier in £ and taking the limsup of a 
properly chosen subsequence, the mentioned version of G° and Z°(0) always 
exist. Obviously, Z® is a well-defined, (J r t )-adapted, P-a.s. continuous real- 
valued process, and applying Ito's product formula we obtain that it solves 
(4.5). Furthermore, the stated continuity in C 2 (0) is obvious. So, it remains 
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to show the last part of the assertion, which follows from the following two 
claims. 

Claim 1. Let t G [0,T]. Then P-a.e. f i — ► f*G°(s,£)ds, £ G O, is a 
diversion of the L 2 (0)- valued Bochner integral §*G{s)ds. 

Claim 2. Let t G [0,T]. Then P-a.s. £ i — ► /„* Z°(s)dJ¥(s, £), £ G O, is a 
(i^- version of the L 2 (0)-valued stochastic integral J * Z(s)dW(s). 

Claim 1 is a trivial consequence of Fubini's theorem. So, we only prove 
Claim 2 whose proof is similar, but based on the stochastic Fubini theorem. 

Proof of Claim 2. Let i G N. Then P-a.s. for every t e [0,T], by Remark 
2.1 (ii), 

Jo Jo 

°° p pt 

= y>* / e,(Oe fc (0 / Z°(s)df3 k (s)dt 
k=i Jo Jo 



fc=l 

OO „ t 

^/ifc / (ei,e k Z(s)) d/3 k (s) 
y^Mfc ( ej, / e k Z(s)d/3 k (s) 
Z(s)dW(s) ) , 







where we used the stochastic Fubini theorem in the second equality. Now, 
Claim 2 follows. □ 



Remark 4.4 Proposition 4.3 justifies to apply Ito's formula for a solution 
t G [0,T], to (3.1) for df-a.e. (G0to the process Z(t)(f), * e [0,T], 
by taking the version Z®(t), t G [0,T], from Proposition 4.3(i). We stress 
that for Proposition 4.3 we only used (HI), not (H2) (see Remark 2.1). 

In particular, by Theorem 3.2, Proposition 4.2 and (5.12) below, we have 
the following existence result for (4.1), which has an intrinsic interest. 
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Proposition 4.5 Under the assumptions of Theorem3.2, for eachx G L 2 (0), 
there is a variational solution Y to (4.1), which is unique in the class of all 
solutions Y such that, for some 5 > 0, 

Y G L 2+s (n;L 2 ([0,T];L 2 (O))). 

Moreover, 

YeL 2 (n;C([0,T];L 2 (O))). 

5 Proof of Theorem 3.2 

It should be said that, for the proof of the uniqueness part of Theorem 3.2, 
as well as for the finite-time extinction property of the solutions to (1.1), 
it is convenient and apparently necessary to replace (1.1) by (4.1) and to 
construct approximating schemes for both equations. 
We approximate (1.1) by 

alX x = div 4) X (VX x )dt + X x dW in (0, T) x O, 

X x (0) = x in O, (5.1) 

X x = on (0,T) x dO, 

and the corresponding rescaled equation (4.1) by 



^ = e~ w div(MV(e w Y x ))) -±pY x 

in (0,T) x O, P-a.s., 
Y x (0) = xinO, Y x = on (0, T) x dO, 



(5.2) 



where A G (0, 1], ^ x {u) = tp x (u) + Am, \/u G R n . 

In (5.2), f t Y x G L 2 (0,T;H-\O)) is the strong derivative of t -> Y x (t) 
and the operator div is taken in sense of distributions on O. 

Here, ip x is the Yosida approximation of the function ip(u) = sgn u, that 
is (see, e.g., [5]), 



Ir 


if \u\ 


if \u\ 







^ x {u) = l \ (5.3) 
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Let j x (u) = inf 



\u — v\ 



2A 



+ \v\ > be the Moreau-Yosida approximation of 



the function v — > \v\. We recall that Vj\ = ip x , VA > (see, e.g., [5], p. 48). 
We first prove the existence of a strong solution Y x to (5.2). 

It should be emphasized that, for the existence and uniqueness part of 
the proof, it is convenient to analyze equation (5.1) while, for getting sharp 
estimates on the variational solutions X to (1.1), it is necessary to work 
directly with the random equation (5.2) instead of (5.1). As regards the 
existence and uniqueness for (5.1), (5.2), we have: 

Proposition 5.1 

(i) For each A G (0,1] and each x G L 2 (0), there is a unique strong 

solution X x to (5.1) which satisfies X\(0) = x, that is, X\ is P-a.s. 

continuous in L 2 (0) and {J^t}- adapted such that 



X x eL 2 ([0,T}xQ;H \O)), 



x 



divijj x (\7X x (s))ds+ / X x (s)dW(s 



(5.4) 



t e [0,T], P-a.s. 



Furthermore, X x e L 2 (Q- C([0, T]\L 2 (0))) and, for all p e [2, oo) 



sup E[|X A (t)|g<exp C 2 J-(p-l 
te[o,T] 



\x 



2- 



(5.5) 



and, ifx,x* G L 2 (0) and X x and X^ are the corresponding solutions 
with initial conditions x,x*, respectively, then, for some positive con- 
stant C = C(N, C 2 



^2 \ 



E 



sup \X x (r) - X* x (r)\ 2 2 

re[0.T] 



< 2\x - x*\le CT . 



(5.6) 



ii) Y x = e~ w X x is an (Tt) -adapted process Y x : [0,T] x L 2 (0) with 
P-a.s. continuous paths which is the unique solution of (5.2), i.e., it 
satisfies P-a.s. equation (5.2) with Y x (0) = x and 

F A GL 2 ([0,T];iJ 1 (O))nC([0,r];L 2 (O))n^ 1 ' 2 ([0,T];i/- 1 (O)), (5.7) 

a.e. t G [0,T]. 
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(iii) Ifx G Hl(0), then F-a.s. 

X x eC([0,T];H l (O)) (5.8) 

and 

X x G L 2 ([0,T] x il;H 2 (0)). (5.9) 

Remark 5.2 It is readily seen that, by Ito's formula, X x is also a variational 
solution to (5.1) in the sense of Definition 3.1, where 4>(y) is replaced by 



M = J o {j^y) + ^\^y\ 2 )dt 



Proof of Proposition 5.1. Consider the operator A x : Hq(0) — > H l (0) 
defined by 

(A x y, <p)= f MVy) ■ VfdC, W V e H*{0), (5.10) 
Jo 

and note that A\ is demicontinuous (see, for instance, [5], p. 81). 
Moreover, we have 

\\Axv\\-i < ^vh+U^y > VyzHl{0), 

(A xyi - A x y 2 , yi -y 2 } > \\\ Vl - y 2 \\* 7 \/y G Hq{0). 

On the other hand, equation (5.1) can be rewritten as 
dX x + A x X x dt = X x dW, t G [0, T], 

(5.11) 

X x (0) =x. K J 

Then, by the standard existence theory for stochastic differential equations 
associated with nonlinear monotone and demicontinuous operators in a dua- 
lity pair (V,V) ([27], [29], [30]) equation (5.11) (equivalently, (5.1)) has a 
unique strong solution X x satisfying (5.4) and (5.6). (5.5) is then an easy 
consequence of Ito's formula for |X\|| (see, e.g., [30]). 

To prove (ii), below we use (•, -) 2 to denote the inner product in L 2 (0), 
in order to avoid confusion with the quadratic variation process. 

Let if G Hl(0) D L°°(0). Then, for every t G [0,T], 

oo 

ip, e~ w ^X x (t)) 2 = (e 3 , e~ w ®<p) 2 (e s , X x (t)) 2 . 

3=1 
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Furthermore, by Ito's formula and Remark 2.1, we have d£ ®P-a.e. that, for 
all t E [0,T], 



ft 

e -w(t,o = i_ I e -w(s. 



°dW(s,Z) + l-n(t) f e~ w ^ds. 
2 Jo 

Now, fix j E N. Then, by Remark 2.1 (ii) and Remark 2.2, we have P-a.e. 
that, for all t E [0, T], 

OO „ „j 

fc =i 70 Jo 



+ 2 7 te./^'V),* 

OO „ t 

= ( e j,f) -^Z^ I (ej,e k e~ w{s) (f) 2 d(3 k (s) 

+ lj\e j ,»e- w ^) 2 ds, 

where we used the stochastic Fubini Theorem in the second equality and the 
sums converge in L 2 (Q; C([0,T]; R)). By Ito's product rule we hence obtain 
P-a.s. that, for all t E [0,T], 

(e h e- iy (*V> 2 (ej, X x (t)) 2 = (e j7 <^) 2 (e j; x) 2 

+ jT <e„ e" H/ ( s V> 2 (e 3 , div fe(VX A (s))) rfs 

+ I>* / (e j ,e- w ^ip) 2 (e j ,X x ( 8 )e k ) 2 dp k ( 8 ) 
k=i Jo 

OO „ t 

/ (e j ,e k e- w ^<p) 2 {e j ,X x (s)) 2 d^ k (s) 
fc =i Jo 

+ ^j\e v f,e- w ^ ¥ >) 2 (e J ,X x (s)) 2 ds 

OO „J 



V/ifc / (e j ,X A (s)e fc ) 2 <e j ,e fc e" iy(s V> 2 ^, 
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where all the sums converge in L 2 (Q; C([0, T]; K)) and interchanging the in- 
finite sums with stochastic differentials is justified by Remark 2.1 (ii) and 
Remark 2.2, because of (5.5) and since, by (2.9), 

sup e ~ WM |X A | 2 G L p ([0, T] x fi; R) for all p > 1. (5.12) 

(i,f)e[0,T]xO 

(We shall implicitly use both (5.5) and (5.12) several times in the rest of this 
paper without further notice.) 

Now, we sum the above equation from j = 1 to j = oo and assume that 
we can interchange this summation both with the sum over k and with the 
deterministic and stochastic integrals (which we shall justify below). Then, 
because the two terms involving the stochastic integrals cancel, we obtain 

(<p, e~ w ^X x (t)) 2 = (<p, x) 2 + J* (</?, e- w ^dwMVX x (s))) ds 

1 f* °° rt 

+ -/ (<p,v U T w Ux x (8)) 2 d8-Y l A {^ele- W{s) X x {s)) 2 ds, 
1 J ° k=i Jo 

which immediately implies that Y x = e~ w X x solves (5.2). 

To justify interchanging sums and integrals, it suffices to note that, for 
the second term on the right hand side, this is true because {e^} is the 
eigenbasis of the Laplacian and that for the last term this is obvious be- 
cause of (HI), while, for the two terms which cancel each other and involve 
stochastic integrals, this follows by applying the Burkholder-Davis-Gundy 
inequality and (HI). If, however, x G Hq(0), then, by Lemma 5.3 below, 
div^ A (VX A ) G L 2 ([0,T]xfi;L 2 (£>)) (and not only in L 2 ([0, T] xfi; H~ l (0))). 
Hence, the above equality is true for any orthonormal basis e^, k e N, of 
L 2 (0) in C 2 (0). 

It remains to prove the uniqueness. In fact, as it will be explained below, 
by standard methods one can prove directly the existence and uniqueness of 
a solution Y x to (5.2), which hence must be of the form Y x = e~ w X x . To 
this end, for each u G Q, consider the operator 

A = A x (t,u):H 1 (O)^H- 1 (O) 
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(5.13) 



defined by 

+A [ V(e^S)-V(e-^^)^+^ / W<pdt, 
Jo 1 Jo 

G JJ^O). 

In terms of A x , equation (5.2) becomes 
dY ~ 

-^+^«) = 0,a.e.t e( 0,T), (5i4) 
X x (0) = x. 

It is easily seen that, for every t G [0, T] and P-a.s., cj G fi, = A\(t)(u) 

is demicontinuous (that is, strongly- weakly continuous), coercive, that is, 



Mt)y,y)>\\\y\\l-a$\yg Vy G Hq(0), (5.15) 
bounded, that is, 

\\Mt)y\\-i < C t (l + ||y||i), \/y G H*{0), (5.16) 
and 5-monotone, that is, 

'A x (t)y - A x (t)z, y-z) + 5*\y - z\j > 0, Vy, 2 G ^(O), (5.17) 



where C t ,a^,5^ : Q — > E + , £ G [0,T], are (J-t)-adapted processes, P-a.s. con- 
tinuous on [0,T]. (Since, as pointed out before, we only need the uniqueness 
part, i.e., we only need (5.17), for the reader's convenience we include its 
proof in Appendix 2, i.e., Section 10.) 

Hence, for each x G L 2 (0), there is a unique solution Y x to (5.14) satis- 
fying (5.7). (See, e.g., [6], p. 177). This completes the proof of (ii). To prove 
(iii), we need the following two lemmas: 

Lemma 5.3 Let x G H%(0). Then, X x G L 2 (ft; L°°([0, T]; H%(0))) n 
L 2 ([0,T] x tt;H 2 (0)) and 



E 



sup \\X x (t)\\\ 
te[o,T] 



AE I \AX x (t)\ldt < C\\x\\l, A G (0, 1]. (5.18) 
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Proof of Lemma 5.3. In this proof, constants may change from line to 
line, though we continue to denote them by C. We set A = —A, D(A) = 
Hl(0) n H 2 (0), J £ = (1 + eA)~\ A £ = AJ £ = \(I- J e ) and note that, by 
virtue of Corollary 8.7 in Appendix 1, we have 



(A e X A ,div^ A (VX A )> = - / (Vy-VJ e (y))-VA(Vy)de 

£ Jo 

>- [ (jx(Vy)-j x {VJ e {y)))d{>0. 
£ Jo 



(5.19) 



'o 

i 

Now, we apply Ito's formula to the function <p(x) = | We have 

Dip = A £ , and so we get by Hypotheses (HI) and (H2) that 

\ \AlX x {t)\ 2 2 + X [ (A £ X x (s), AX x (s)} ds 
* Jo 

(A £ X x (s),dwMVX x (s)))ds 

t (5-20) 

<l\ x \l + C [ \\X x (s)\\lds 
Jo 

(A £ X x (s),X x (s)dW(s)}, tE[0,T], 

since \A}x\ 2 < \\x\\x, Vx G H%{0), e G (0, 1]. 
Now, keeping in mind that, for all e > 0, 

(A £ y,Ay)>\A £ yg Vy E H l (O), 

and, taking into account (5.19), we obtain by (5.20) that, for some C > 
independent of A and e, 

\Alx x (t)\ 2 2 + X f \A £ X x (s)\lds<\\x\l + C f \\X x (s)\\\ds 
Jo 1 Jo 

+ / (A £ X x (s),X x (s)dW(s)), t G [0,T], VA,£ > 0. 
Jo 

In particular, for all t G [0,T] 

sup \A]X x (r)\l<\\x\\l + C [ sup \\X x (r)\\lds 

r£[0,t] Jo re[0,s] 



(5.21) 



sup 

re[o,t] 



(A e X x (s),X x (s)dW(s)) 
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Hence, by the Burkholder-Davis-Gundy (for p = 1) and Gronwall's inequali- 
ties, we obtain that, for some C > 0, independent of A and e, 



E 



sup \AlX x (s)\l 



s€[0,T] 

Letting e — > 0, we obtain 



< 2||x|| 2 e CT , VA,5 G (0,1]. 



E sup \\X x (t)\\' 2 < C|M|?, VA G (0,1]. (5.22) 
Hence, taking expectation in (5.21) and letting e — > 0, we obtain 



AE 



/ \AX x (s)\ 2 2 ds < C\\x\\l, VA G (0, 1]. 
Jo 



This completes the proof of Lemma 5.3. □ 

Lemma 5.4 Letx G H%(0). Then, Y x G C([0, T]; (C))flL 2 ([0, T]; iJ 2 (C)), 
P-a.s. 

Proof. We rewrite (5.2) as the linear parabolic random equation 



Of 



\AY x + f(t,£) in (0,T)xO, 



F A = on (0,T) x dO, 
1a(0,£)=x(£) m O, 



(5.23) 



where 



1 



= e-^) d iv^(V(e w ^)y A (t,0)) - -Mem(t,o 
+2A W(t, • VY x (t, + AW(t, + ni VH/| 2 . 

Since, for j/ G ^(O) n H 2 (0), 

- Ay on{|Vy|<A}, 
div^(Vy) = < Ay Vy . V | V ,| (5.24) 



|Vy| |V?/| 2 
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on {|Vy| > A}, 



by Lemma 5.3, we know that 



f(t)£L\0,T;L 2 (O)), P-a.s. 



(5.25) 



Then, by the general theory of linear parabolic equations (see, e.g. [14]), we 
have, for each u £ Q, 



and the lemma is proved. □ 

Lemmas 5.3, 5.4 and part (ii) now imply part (iii) and the proof of Propo- 
sition 5.1 is complete. □ 

Proof of Theorem 3.2 (continued). It is enough to prove the existence 
for initial conditions x £ Hq(0), provided one can also prove (3.6) for such 
solutions with initial conditions x,x* £ Hq((D). Indeed, if we have that we 
can extend our solutions for arbitrary x £ L 2 (0), since Hq(<D) is dense in 
L 2 (0) and (3.2) is obviously stable under taking limits in X n replacing X, 
with X n converging in L 2 (Q; C([0,T]; L 2 (0))) (since <fi is lower semicontinu- 
ous on L 2 (0)). 

Hence, let x £ Hq(0). Using the Ito formula in (5.1) (or, equivalently, in 
(5.4)), we obtain that 



Y x £ C([0, 21; Hl{0)) n L 2 ([0, T};H 2 (0)), 



(5.26) 



E\X x (t)\ 2 2 +2E 



I 



L 



h{V{X x {s,t)))d£ds + XE [ \V(X x (s))\ 2 2 ds 



o Jo j= 



because ip\{u) ■ u > j\(u) + A|m| 2 , Wu £ M 
This yields (via Gronwall's lemma) 



E|X A (t)|2 + 2E f [ Jx (VX x (s,OHds 



Jo Jo 



(5.27) 




where C 



i — 
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Moreover, we have, for all t G [0,T], 

E / (f)(X(t))dt < liminfE / / j x (V(X x (t)))d£dt < oo, (5.28) 
Jo Jo Jo 

where is defined by (2.3). Indeed, we have 

\j x (Vu) - \Vu\ | < X - A, (5.29) 

and this yields 



E 



/ / j x (VX x (t))d£dt- [ 4>(X x (t))dt 
'o Jo Jo 



< CX, VA G (0,1]. (5.30) 



On the other hand, we have 



limE 

A->0 



sup \X x (t)-X(t)\ 
te[o,T] 



0. 



(5.31) 



Indeed, by Ito's formula, we have 
\ d\X x {t) - X e {t)\\ 



+ (^(vx A (t)) - <Mvx £ (t)), v(x A (t) - x e (t))) 

+ (AVX A (i) - eVX e (t), V(X A (t) - X £ {t))) 



= 2 X>?l(*A(s)-X e (s))e/dsde 

+ / (X A -X £ ,(X A -X e )cW^)>, te [0,T]. 
Jo 

Taking into account that, by the definition of ip x , 

(V>a(«) - ^ 6 (u)) • (« - v) > (Xip x (u) - e^ e («)) • (^a(m) - ^e(v)) > -(A + e) 
and that 

(XVX x (t) - eVX e (t), V(X A (t) - X e (t))) 

= - (XAX x (t) - eAX £ (t),X x (t) - X £ (t)) 

> -(A 2 |AX A (t)|i + e 2 \AX e (t)\l) ~ \ \Xx ~ X e g 
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we get, for some constant C > and all t G [0, T], 

\X x (t) - X e (t)\l < (Cl + 1) / \X x {s) - X(s)\\ds + M x>£ {t) 

Jo 

+2(\ + e)t [ d£ + 2\ 2 [ \AX x (s)\ 2 2 ds + 2e 2 [ \AX £ (s)\ 2 2 ds, 
Jo Jo Jo 



where 



M x , £ (t) = 2 f (X x - X e , (X x - X £ )dW(s)} , t G [0,T], 
Jo 



is a local real- valued (J-i)-martingale. Then, by the Burkholder-Davis-Gundy 
inequality (for p = 1), we get (see [9], (3.12)-(3.13)), for some constant C > 0, 

E sup \X x (s) - X E {s)\\ <C(\ + e) + C [ E sup \X x (s) - X £ (s)\ 2 2 ds 

0<s<t Jo 0<s<t 

+CX 2 E [ \AX x {s)\ 2 2 ds + Ce 2 E [ \AX £ (s)\ 2 ds, te[0,T], 
Jo Jo 

and, by Lemma 5.3 and Gronwall's lemma, it follows that {Xa}a is Cauchy 
in L 2 (fi;C([0,T]; L 2 (0))), which completes the proof of (5.31). 

Now, recalling that <fi is lower- semicontinuous in L^iO) (see (2.2)), we 
have by (5.31) and Fatou's lemma that 

liminfE [ <j)(X x (t))dt>E [ <j>(X(t))dt, Vt G [0,T], 
Jo Jo 

which, by virtue of (5.30), implies (5.28), as claimed. 

We note that (5.31) and (5.6) imply (3.6), and that (3.4) then follows 
from (5.5) and Fatou's lemma. 

It remains to prove (3.2). By Ito's formula, we have, for all the processes 
Z satisfying Definition 3.1(iii) and (3.1), (cf. Remark 5.2), 

±R\(X x (t)-Z(t))\l + E f [ j x (VX x (T))d£dT 
1 Jo Jo 

<l-E\x-Z(0)\ 2 2 + E [ [ 3x (VZ(r))d^dr 
1 Jo Jo 



+ l -E j\x x {r)-Z{r),G{r))dr 



(5.32) 



+ 2 



i E f [ MXx(t) - Z( T )) 2 d(dT, t e [0,T], 
^ Jo Jo 
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Now, letting A tend to zero, it follows by (5.28), (5.29) and (5.31) that 
(3.2) holds. This completes the proof of the existence. □ 

Uniqueness. Let X* be an arbitrary variational solution to (3.1) with 
X*(0) = x* G L 2 (0) and satisfying (3.5). 

Let x G Hq(0) and X be the solution constructed in the existence part 
of the proof, but with X(0) = x. Set Y* := e~ w X* and Y := e~ w X. We 
set F A £ = J E (Y\), where Y\ is the solution to (5.2), but with initial condition 
x G Hq{0). On the basis of (H2) and Lemma 5.3 it follows that e~ w Y^ G 
L 2 ([0,T] x VL;Hq{P)). Clearly, it is also a P-a.s. continuous (.Ft) -adapted 
process in L 2 (0). Hence, in (4.4), (4.3), we may choose Z = Y" A e and we 
obtain that for 



G — G\ 



J £ (div MV(e W Y x )))+ V l 



where 



i = \e w (J e (fiY x )-^J e (Y x )) 

+J £ (divMV(e w Y x ))) - e w J £ (e- w dwMV(e w Y x ))), 



the function Z satisfies (4.4). 
Then, by (4.3), we have 




(5.33) 



a.e. t G [0,T], A > 0. 



By Green's formula, we have 



(e w (Y*-YZ),Gi) 

= (MV(e w Y x )) + XV(e w Y x ), VJ £ (e w Y*) - V(e w Y x )) 
+ (MV(e w Y x )) + \X7(e w Y x ), C x ) + (e w (Y* - Y&rfr) 
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where 

(l = V(e w Y x )-VJ e (e w YZ). 
Taking into account that 

tp x (u) -{u-v)> j x {u) - j x (v), Vu, v G R d , 

this yields 

(e w (Y* - Y" A e ), G\) < MMe W Y*)) - 4> x (e W Y x ) - A| V(e w Y x )\l 
-X (A(e w Y x ), J £ (e w Y*)) + (e w (Y* - Y^), V {) 
+ (MV(e w Y x )) + \X7(e w Y x ),C £ x) ■ 

Here, (fi x is the function 

cf> x (z) = [ 3x (Vz)d£, Wz G Hl{0). 
Jo 

Substituting into (5.33), we obtain that 

1 f* 

-E|e ww (^*(t) -F A £ (t))|2 + E / 0(e w(T) y*(r))dr 

2 t t 

+E / Ue W(T) Y x (r))dr + XE [ \V{e w ^Y x {r))\ldr 
Jo t Jo 

<l\x*-x\l + uj ^e w ^(T))dr 

+E^ MUe w Y*(r)))dr (5 . 34) 

-AE f (A(e w ^Y x (r)), J £ (e w ^Y*(r))) dr 
Jo 

+E f ((e w (Y* - Y-), V \) + (MV(e w Y x )) + XV(e w Y x ), <*)) dr 
Jo 

+ \° 2 ^ j\ eW(T){ y*^) -YZ(T)))\*dT, t G [0,71, VA > 0, 

where is as in (HI). Now, as seen earlier in (5.30), we have 

\<P(e w ^Y x (T)) - Ue W(T) Y x (r))\ < CX, Vr G [0,T]. (5.35) 
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Similarly, we have also 

UJe(e W(T) Y*(T))) - <P(J £ (e w ^Y*(r))\dT < CX. 



Substituting (5.35), (5.36) in (5.34), yields 

^E\e w{t) (Y*(t) -Y^(t))\ 2 2 + E [ <j)(e wiT) Y*(T))dT 
1 



C -\ x * -x\\ + E [ <f)(J £ (e wiT) Y*(T)))dT 
+E f\<p(e w ^(r)) - <P(e w ^Y x (r)))dr 



+ \cl^j\e w ^\Y*{r)-Yl{r))\ldr 

-AE f (A(e^y A (r)), J £ (e w ^Y*(r))) dr 
Jo 

+C X>£ (e J\a(r)\ldr^ ' + C x>£ (e Qf* \ V i(r)\ldr 



where 5 is as in (3.5), r = |±| and 



2+S\ 2+5 
i \ 2 



Ca, £ = 4 ( E ( / \e w {Y*-Y*)\ldr 

,T \ 1/2 







+4 + 4 (^E^ A|V(e H/ y A )|^ 



Now, recalling that, by Corollary 8.5, 

E f <p(J £ (e w{T) Y*(T)))dr <E f <p(e wir) Y* (r))dT, Ve 
Jo Jo 

letting e — > in (5.37) yields 

E\e w ®(Y*(t) - Y x (t))\ 2 2 < \x* - x\ 2 2 

+ CIE f\e w ^iY*(r)-Y x (r))\'dr 
Jo 



- AE f <A(e iy(r) y A (r)), e w ^Y*(r)) dr. 
Jo 
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because 

•T \ r/2 



limE^ \v e x(r)\ldr^j = 0, 

limE [ T \C x (r)\ldr = 0, 
Jo 



sup{Ca, £ ; e E (0, 1)} < oo, 

e w Y x = X x e L 2 ([0,T] x Q; H 2 (0)) by Lemma 5.3 and 
e w Y * e L 2 ([0,T] x n;L 2 (0)). 

To check all this is pretty routine. The main problem is to justify the inter- 
change of "lim e _;.o" with the integral with respect to dr £g> P, i.e., to find an 
integrable uniformly dominating function. As an exemplary case, we show 
how this is done for the last summand in the definition of r]\: 

Clearly, since J £ is a contraction on L 2 (0), it follows by (5.24) that there 
exists a constant c > such that, for all e e (0, 1), 

\e w J £ (e- w dwMV(e w Y x )))\ 2 2 <c-exp\A sup |W(r)U ) \\X x \\ 2 HHO) . 

V T£[0,T\ J 

Hence, applying Holder's inequality with p — - (> 1), q — to the expec- 
tation, we obtain 

r/2 



E 



/ exp (4 sup |W(r)|oo ) \\X\f HHO ) dT I 

Jo \ re[0,T] J J 

< ( Eexp (^-snp^ \W(r)\Jj j (e jf ||X A (r)||^ (0) dr) 



2 -r 

2 / rT \ r / 2 



r £[0,T] 

which is finite by (2.9) and Lemma 5.3. 
Now, by Lemma 5.3, we have 



limAE f (A(e wiT) Y x (T)),e w{r) Y*(T)) dr = 0. 
A_>0 Jo 

Then, letting A — > in (5.38), we obtain via Gronwall's lemma 

E\X*(t) - X(t)\\ = E\e w{t \Y*(t) - Y(t))\ 2 2 < \x* - x\\e c ^ T . 
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Now, letting x — > x* in L 2 (0), we see by (3.6) that X* coincides with the 
solution starting at x* constructed in the existence part of the proof, which 
is hence unique. □ 

Remark 5.5 We did not succeed in proving the uniqueness for Theorem 3.2 
directly for the original equation (1.1). The reason is that, regularizing (1.1) 
by J e destroys the special form of the noise. Therefore, we had to use equation 
(4.1) and Proposition 4.2. 



6 Positivity of solutions 

It should be emphasized that physical models of nonlinear diffusion are con- 
cerned in general with nonnegative solutions of equation (1.1). In this con- 
text, we have the following result. 

Theorem 6.1 In Theorem 3.2 assume further that x > 0, a.e. in O. Then 

X(t,g)>0 a.e. m(O,T)x0xfl. (6.1) 

Proof. It suffices to show that the solution X\ to (5.1) is a.e. nonnegative 
on [0,T] xOxfl. By (5.6) we may assume that x £ L A (0). Below we only 
give a heuristic argument to prove the assertion (e.g., apply Ito's formula 
in an informal way), which can be made rigorous by regularization. Since 
the latter is analogous as in the proof of Theorem 2.2 in [7] or can be done 
similarly as in the proof of Theorem 7.1 below, we omit the details. 

We apply the Ito formula in (5.1) to the function x — > \ \x~\\. We obtain 

]e [ \X-(t,0\^ + E [ [ MVX x (s,0)-V\X~(s,0\ 3 d^ds 
4 Jo Jo Jo 

= \j o MO M + e fJ o g ^(x xej y(x^ ds. 

Recalling that Vy ■ = — |Vy~| 2 a.e. in O for each y £ _ff 1 (C), it 
follows that 

E / |x A -(t,OI 4 ^<^E / / \xz(t,Z)\*dZds,vte[o,T\, 

Jo Jo Jo 

which implies that X^ = 0, as claimed. 
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7 Extinction in finite-time 



A striking feature of highly singular nonlinear diffusion equations is the ex- 
tinction in finite time of the solution. In nonlinear diffusion phenomena, this 
is due to the singularity at level X = of the diffusivity and this causes a 
fast loss of mass. (See [10] for the case of stochastic porous media equation 
and [9], [13] for stochastic self-organized criticality.) A similar phenomenon 
happens in the case of equation (1.1). 

Theorem 7.1 Let 2 < N < 3. Let X be as in Theorem 3.2, with initial 
condition x £ L N (0), and let r=inf{t > 0; |X(t)|jv = 0}. Then, we have 

P[r < t) > 1 - p- 1 ^ jf e~ c * s ds^ \x\ N , Vt > 0. (7.1) 

Here p = mf{\y\ w i,i {0) /\y\_^_; y £ W^(0)} and C* = & N(N - 1). In 
particular, if \x\n < p/C* , then P[r < oo] > 0. 

We shall prove Theorem 7.1 as stated, i.e., only for 2 < N < 3. The 
case N = 1 is similar, but one proves extinction in L 2 ((9)-norm rather than 
L 1 ((9)-norm (see [11, Theorem 3] for details). We fix A £ (0,1] and start 
with the following lemma, which is one of the main ingredients of the proof. 

Before, we recall that, by (5.8), X\ is P-a.s. continuous in Hq{0). For 
K £ N, K > ||x||i, define the {J-"t}-stopping time 

T K :=mi{t>Q-\\X x {t)\\ x >K}. 

Lemma 7.2 Let x £ Hq(0). For every K £ N, K > \\x\\i, we have P-a.s. 

\X x (t)\» + Np /VaMI^oV 

J s 

< \X X ( 8 )\% + C* f \X x {r)\ N N dr + N(N - 1)A f \X x {r)\ N N ^ 2 dr (7.2) 

J s J s 

+N I (\X x (r)\ N - 2 X x (r),X x (r)dW(r)) , Vs,t£[0,T], s<t. 

J s 

Proof. Since N < 3, we have by Sobolev embedding, Hq((D) C L A (0) 
continuously, hence, for some constant C > 0, 

sup \X x (t)\ N < CK on O. (7.3) 

*6[0,tk] 
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We have by standard interpolation (see, e.g., [32, Theorem 2.1]) if A r = 3 

I>tk rTK 

E / ||X A (f)||? ia <ft < CE / \\X x (t)\\ 2 H2{0) \X x (t)\ 3 dt 
Jo Jo 

<CKE [ \\X x {t)\\ 2 H 2 {0) dt < oo 
Jo 



by (5.9), and if iV = 2 

E / ||X A (t)||^<oo. 
J o 

Hence, by Theorem 2.1 in [28], applied with 



/* 
ft 
9 h t 



i> x {VX x (t)) (<l + A|VX A (t)|) 


we have the following Ito formula for the L N (O)-norm P-a.s. 

/ \X x (r)\ N - 2 VX x (r)-MVX x (r))d!;dr 
-At k Jo 

= \X x (sAt k )\% + -N(N-1) / / p\X x (r)\ N dtdr (7.4) 



2 

•tATfc 



+ 



/■tATfc 

N / (|x A (Or~%,(0,*A(0^(0), Vs,te [0,T], s<*. 

J s/\Txr 



sAt k 

Since, by interpolation (cf. [32, Theorem 2.1]) 
E 



\X x (r)\tdr < CE / (\\X x (r)\\l 2{0) \X x (r)\l)dr 

J 

< CE \\\X x {r)f H ^ 0) + \X x {r)\\)dr, 
Jo 

and, since by (5.9) and (5.5) the last term is finite, we can let K — > oo in 
(7.4) to obtain 
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\X x (t)\% + N(N-l) / \X x (r)\"- 2 VX x (r)-MVX x (r))dtdr 

Js JO 



\X x (s)r N + -N(N-l) I I ^\X x (r)\ N didr 




(7.5) 



s JO 



-N 



I (\X x (r)\ N - 2 X x (r),X x (r)dW(r)) , Vs,te[0,T\, s<t. 

J s 



(7.6) 



But, since ip x (u) ■ u > \u\ — A, we have 

(iV-l)|X A r- 2 VX A (r)-^ A (VX A ) 
>(iV-l)|X A r- 2 (|VX A |-A) 
= \V(\X x \ N - 1 )\-(N-l)\\X x \ N - 2 . 

Hence, the second term on the left hand side of (7.4) is bigger than 
Np f I \X x {r)\ N N - l dr-N{N-l)X f ' \X x (r)\»Ztdr, 

Js Jo Js 

where we used Sobolev's embedding theorem in W ' (O), i.e., 

in the last step. Plugging this into (7.4) implies the assertion of the lemma. □ 

Lemma 7.3 Let x, y G Hq(0) and let Xf,Xf^ denote the solutions to (5.1) 
with initial conditions x,y, respectively. Then F-a.s. 



\Xm-X y x (m<\Xl( S )-Xt(s)\^ + C* / \X*(r)-Xl(r)\%dr 



+N / (\XZ(r)-X%(r)\ N -\X* x (r)-Xl(r)), (X* x (r)-Xl(r))dW(r)) , 

J s 

Vs,t G [0,T], s<t. 
Furthermore, for some constant C independent of A 



(7.7) 



E 



N 



sup \XZ(t) - XZ(t)\ N 
te[o,T] 



<2\x-y\%e CT , Vx,yeH l (O). (7.8) 
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Proof. (7.7) follows analogously to (7.5), taking into account that (<fx( u ) — 
tpxiy)) ■ (u — v) > 0, Wu, v G M. N . Then (7.8) follows by a standard application 
of the Burkholder-Davis-Gundy inequality (for p — 1). □ 

Proof of Theorem 7.1 (continued). Let x G Hq{0) and X* be the 
solution to (5.1) with initial condition x. Applying Ito's formula to (7.5) and 
the function <p £ (r) = (r + e)^, e G (0, 1), and proceeding as in the proof of 
the previous lemma, we obtain P-a.s. 



(7.9) 



< tp £ (\XZ(s)\%) + C* / \Xl{r)\ N dr 

J s 

+A(iV - 1) f \XZ{r)\ N N zl{\Xt{r)\ N N + e)-^dr 

J s 

+ ^(^(r)|^(r)r- 2 (|^(r)|^ + e)-V,X^r)ciIV(r) 

Vs,t G [0,T], s <t. 

Hence, one can let e — > in (7.9) to arrive at 



-C*t\ yi 



Xl{t)\ N + pj \\ ximN>G] e- c * 6 d6 < e- c * s \Xl{s 



X K s ) I AT 



^e^lX^r)]-^ {Xt{r)\Xt{r)\ N -\Xt{r)dW{r)) . 



(7.10) 



In particular, this implies that the process t — > e~ c * t \X^{t)\N is an {J-'t}- 
sup ermart ingale . 

If in (7.10) we take expectation and set s = 0, we see that 

e- CH E\X*(t)\ N + p [ e- c * e F[\X x x (6)\ N > 0}d6 < \x\ N , Vt > 0. (7.11) 
Jo 

Since x G H l (O), by Lemma 5.3, Remark 3.6 and interpolation we have, for 
iV = 3 and some C > 0, 



E 



sup \XZ{t)-X'(t)\ 
te[o,T] 



< C E 



sup \Xm-X x (t)\ 
te[o,T] 



(7.12) 



|x||i, VAG (0,1], 
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where X x is the solution to (1.1) with initial condition x. 
Hence, by (5.31), for 2 < N < 3, 



limE sup \X x x {t) 



x x (t)\i 







(7.13) 



te[o,T] 



Noting that, since for each t > 



f e- c * e F{\X*(9)\ N > 0]d9 = sup / e 



E[|^WU(|^Wk + 5)- 1 ]^ 




by (7.13) and Fatou's lemma, (7.11) also holds with X x replacing X%. 

But then, by (3.6) and Fatou's lemma, (7.11) extends to every solution 
X x of (1.1) for arbitrary x G L 2 (0). But, for x G L 2 (£>), by (7.13) and (3.6), 
the process i — >• e~ c * t \X x (t)\^ is an L 1 -!^!! of supermartingales, hence itself 
is a supermartingale. Hence 



and thus F[\X X (9)\ N > 0] = P[r > 0]. By (7.11), for X x with x G L 2 (0), 
this yields P[r > t] < ( p f e- c * e de] \ claimed. □ 



Remark 7.4 In particular, taking ^ = for all fc, implying C* = 0, we 
have r < ^y- and recover the deterministic case ([2]). 

8 Appendix 1 

Proposition 8.1 below is due to H. Brezis ([16]) who answered a question we 
raised and we are grateful to him for this. 

Proposition 8.1 Let O be a bounded, convex domain of~R N , N > 1, with 
smooth boundary (of class C 2 ). Let J e = (I + eA)~ 1 , where A = — A, D(A) = 
Hl(0) n H 2 (0) ande>0. Then 



X x {t)\ N = for t > r = mi{t > : \X x {t)\ N = 0} 





(8.1) 
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Proof. For simplicity, we shall write here |V?/| instead of |Vy|jv- Rescaling, 
we can assume e = 1 and so reduce (8.1) to 



|Vu|d£< [ \Vy\dC, VyeW^iO), 
Jo 



■2) 



where 

u-Au = yinO; u = dS - a.e. on dO, (8.3) 

and dS is the surface measure on dO. Without loss of generality, we may 
also assume y e C^(0). 
We set 



d d 2 



N \ 2 



v>® = |v«(OI = E l^ u l 2 > ^(0 = Ve 2 + |v«(0l 2 - 



i=l 



We shall prove (8.2) following several steps. 
Lemma 8.2 We have 



Proof. By (8.4), we have 



N 



1=1 

which yields 



1 N 
(D m ) 2 < - \Vu\ 2 J2( D 



and therefore 

2 N N 



(8.4) 



2 

— - Aip £ < \Vy\ in O. (8.5) 



IV^I 2 < JJ < m O. (8.6) 
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We also have 

TV N 

i,j=l i=l 
N N 

i,j=l i=l 
N 

= \ D i u \ 2 + l Vn l 2 - Vn • Vy > |V<^| 2 + V 2 - tp\Vy\, 

where the last inequality follows by (8.6). This yields 

-<p £ Aip E + ip 2 < ip\Vy\, 

which implies (8.5), as claimed. 

Assume that e dO and represent locally dO = {(£', £at); £n = 7(£')}> 
where 7 is a C 2 -function in a neig hborhood of in M^" 1 and 7(0) = 0, 
V7(0) = 0. 

Lemma 8.3 We have 

D N ip e {0) = {D N uf{0){£ 2 + (D N u) 2 (0))-^A^(0). (8.7) 
Proof. By (8.4), we have 

N 

(f £ D N (p £ = Y D i uD Ni.u- (8.8) 

Since u = on dO, we have 

w(fi> 6, 6v-i, 7(6, 6, 6v-i)) = 
and differentiating with respect to z = 1, N — 1, yields 

A« + D N uDa = 0, i = 1, N - 1, (8.9) 
Dlu + 2D lN uD a + D 2 NN u{D a f + ZV^A^ = 0. (8.10) 
By (8.9), (8.10), we get in £' = 0, ^ = 0, 

Au(0) = 0, D«u(0) + D*u(0) D«7(0) = 0. (8.11) 



39 



By (8.11), we have 

A«(0) = D NN u(0) - D N u(0)A el (0), 
while, by (8.3), we have Au(0) = 0, which yields 

D NN u(0) = D JV (0)A e , 7 (0). (8.12) 
Now, taking (8.8) in and using (8.11), (8.12), we obtain 

V^ 2 + (D N u(0)) 2 D N <p e (0) = D N u(0)D NN u(0) = (D N uf(0)A^(0), 
as claimed. 

Proof of Proposition 8.1. Let n be the outward normed to dO. We have 

^ (0) = - DkV M = - (D ^ 0) i m A,7(0). (8.13) 
on y/e 2 + (D N u) 2 {0) 

On the other hand, since O is convex, we have A 7 (0) > and, therefore, 

^ (0) < 0. (8.14) 

Since can be replaced by an arbitrary point of dO, we have therefore 

dtfe 
dn 

Integrating (8.5) over O, we get 



< on dO. (8.15) 



— ^ - / 7T dS < 



O 



and so, by (8.15), we have 

/ ^di< [ \Vy\dt 

Jo <Pe Jo 

Then, letting e — > 0, we get (8.2), thereby completing the proof. 

Remark 8.4 Proposition 8.1, which has an interest in itself, amounts to 
saying that the heat flow on convex smooth domains O is nonexpansive in 
Wq'\0). Analyzing the previous proof, one sees that it remains true for 
domains with piecewise smooth and convex boundary. 
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Corollary 8.5 Let O be a convex, bounded and open subset ofM> N . Then 

<l>{Je{u)) < <j){u), \/u G BV(0), (8.16) 
where is the functional (2.2). 

Proof. Let u G BV(G), </>(u) < oo. This means that there is {ti n }cW 1,1 (O) 
such that u n — >■ u in -^ 1 (C) and 

0(w)>limsup/ |Vw„|d£. (8.17) 

n— >oo Jo 

while 

limsup / \VJ e (y n M><KJ e (y)). (8.18) 

By (8.16), (8.17) and (8.1), it follows (8.16). □ 

Proposition 8.1 can be extended as follows. 

Proposition 8.6 Let g : [0, oo) — > [0, oo) be a continuous and convex func- 
tion of at most quadratic growth such that g(0) =0. Then 

[ g{\VJ £ (y)\)dC< [ g(\Vy\)d£, VyeH^O). (8.19) 
Jo Jo 

Proof. Since g is of at most quadratic growth, as before we may assume 
that y G Cq°(0). Furthermore, without loss of generality, we may assume 
that g G C 2 ([0, oo)). (This can be achieved by regularizing the function g.) 
As in the previous case, it suffices to prove (8.19) for e — 1. We set 

where tp and tp e are in (8.4). We have 

V0 e = g'(<f £ )Vip £ , A0 £ = g'((p £ )Aip £ + g"(<p e )\V<p e \ 2 , £ G O, 
and so, by (8.5), 

= g {tp e ) A<^ £ 



-g'{y £ )^-g"{y £ )\Vy £ \ 2 (8.20) 



<fi 



£ 



9m) 
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Now, proceeding as in the proof of Proposition 8.1, we take G dO and 
represent locally dO as {(£', £jv); 6v = 7(0}) where 7 G C 2 , 7(0) = 0, 
V7(0) = 0. By (8.14) and since g is increasing, we have 

D N Mo) = g'(<Pe(o))D N tp E (o) = -sfivM) ^ (o) > o. 

This yields ^ (0) = — D N <p e (0) < and, therefore, replacing by an arbi- 
trary point of dO, we obtain that 

fish 

< on dO. 



dn 

Integrating (8.20) over O, we therefore get 



>o Ve 

Letting e — > 0, we see that 



g(<p)d£< [ g\ V ){\Vy\- V )dt+ [ g(<p)d£ < [ g{\Vy\)d£ 
Jo Jo Jo 

because g'(u)(u — v ) > g(u) — g(v), Vu,w G 1R + . This completes the proof of 
(8.19). □ 

Let jx : K. — > K. be the Moreau-Yosida approximation from Section 5. 
Then, since Vjx — ipx, it is easy to check that 



*u\ 2 N for \u\n < A, 



2A 



\u\m — — for luljv > A. 
2 1 1 



Corollary 8.7 For all e > and A > 0, we have 

[ jx(VJe(y))d( < I 3x(Vy(t))dt, My G H^O). (8.21) 
Jo Jo 



'O JO 

Proof. One applies Proposition 8.6 to the function 

— r 2 for < r < A, 
2A ~ ~ 



r for r > A. □ 

2 
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Remark 8.8 In Corollary 8.7, the quadratic growth condition on g can be 
relaxed. If, e.g., g grows at most of order p G [1, oo), then 

J g(\VJ e (y)\)d£ < J g{\Vv\)d£, Vy G W^ p (0). 

In particular, applying Corollary 8.7 to g(u) = \u\ p , where 1 < p < oo, 
we obtain that for each bounded and convex set O C M. N with C 2 -boundary, 
we have 

\VJ £ (y)\ p < \Vy\ p , \/y G W^' p (0). (8.22) 

The case p = oo is also true and was earlier proved by Brezis and Stampacchia 
([17]). In other words, the operator A is dissipative in W ' p (O) for all 1 < 
p < oo. 

9 Appendix 2. (Proof of (5.17)) 

We have, for y, z G H^(0), 
(A x (t)y-A x (t)z,y-z) 

= [ (MV(e w ®y)) - MV(e w(t h))) ■ V(e~^% - z))d£ 
Jo 

+\ [ V(e" H/ W • (y - z)) -V(e w V(y - z))d£+~ [ fi\y - z\ 2 d£ 
Jo 1 Jo 

= [ {^ x {V{e w ^y)) _ ^ A (V(e w <*>z))) . (\/(e w ^y) - V{e w ^ z))e~ 2W ^di 
Jo 

+ / (V'A(V(e^ 2/ ))-^(V(e^z)))e^( 2/ -z).V(e- 2 ^)^ 
Jo 

A f n\y- z \*d£ + \ f V(e- w ^(y-z)).V(e w ^(y-z))d^ 
* Jo Jo 

> -2Lip^ A / \V(e w(t) (y - z))\\y - z\ \VW(t)\ e~ w(t) d£ 
Jo 

+\ [ \V(y-z)\ 2 d£-\ [ {y-zf\VW{t)\ 2 di 
Jo Jo 

>-2Lip^A / (\V{y-z)\\y-z\\VW(t)\ + \y-z\ 2 \VW(t)\ 2 )di 
Jo 

+A f {\V{y-z)\ 2 -{y-zf\VW{t)\ 2 )di>-8^u)\y-z\l VtG[0,T], 
Jo 

43 



where 



Q(Lip^ A ) 2 + 2^) |VW(*)MlL 



Lip -^a is the Lipschitz constant of ip\ and we have used the Young inequality 
in the last step. Then, (5.17) follows. 
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